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Abstract—In this paper we discuss the forced vibrations
of a single degree of freedom system with nonlinear arbitrary
integer order damping and with linear stiffness. The method
used for our theoretical study is the multiple scales one and the
complete calculation is performed for the case of the third order
damped system. For this mechanical system the authors
obtained the analytical characterization of the motion around
and a simply stable equilibrium position for the unexcited
system. A special discussion is reserved for the steady-state
motion. Finally, a numerical analysis is performed using the
Runge—Kutta fourth order method and the theoretical results
are compared with those obtained by numerical simulation, a
good agreement between them being found. The condition
found for the simply stable equilibrium position is in this case
identical to that for the stable motion of the system.
method,
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1. INTRODUCTION

HE study of the nonlinear vibrations is still an open

field because of the complications which appear in
the mathematical treatment of the differential equations
that arise.

The exact solution of such equations can be found only
in some particular case and it is, generally speaking,
represented by certain special functions.

Usually, the authors prefer an approximate study using
different methods derived from the perturbation
techniques. One of these methods is the method of
multiple scales. The idea of this method is to write the
solution X = X(t) of the differential equation as a sum of

terms of the form &'x;, i € N, each component being a
function of various scales of time, X; = Xi(TO,Tl,...),

with T; = glt, je N, ¢ being a small real number.

II. MECHANICAL MODEL

The mechanical model is drawn in Fig. 1. and it
consists in the mass m linked to a fixed support by a
linear spring of stiffness k and by a damper for which
the damping force Fy is [4], [5], [6]

Fg = cx+cpxP, (1)

where X is the velocity of the mass m, ¢, and ¢, are
damping coefficients having the dimensions Ns/m and

NsP/mP, p is a positive integer power greater than

unity, X being the displacement.
The mass m is excited by the harmonic force F given
by the expression

F = Fycos(ot). 2)

Fig. 1. Mechanical model.

Isolating the body of mass m, one obtains the law of
motion

MX = —kX — ¢ X —C,XP + F,

3)
wherefrom it results
C
s+ Kxo_ Gy %y +icos(mt). )
m m m m
Denoting
k
m
C
et 2¢C, (6)
m
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°

c
H = SCp’ (7

Fo _ g, ()
m

equation (4) becomes
X + 0fx = —2e8,X — &L, XP + efcosot, 9)

where € is a small and dimensionless parameter,
necessary to apply the multiple scale method.

III. ANALYTICAL APPROACH

We will consider that the solution of the differential
equation (4) may be put in the form [1], [3], [7], [8]

X = XO(TO’T17T2"")+ SXl(To,Tl,Tz,...)

10
Jrs2)(2(-|'0,T1,T2,_..)+..., (10
where
T, =¢t,i=01,... (1)
It results
dx _ xdT,  xdT, axdT,
dt 0T, dt 0T, dt 0T, dt
i.e.
aX_ X X 2 X (13)
dt aT, 0T, aT,
so that
d?x  d [ &x oX 5 OX
—_— = — | — 4+ g——+ g —+ ... | =
dt2  dtloT, oT, oT,
02X o%x 2 %X
+¢ € +
aTZ " oTyoT, dTy0T, (14)
. 02x o2 o%x 5 0% N
oT,0T, oT? o, 0T,
, 0% 3 0% 4 0%
€ +¢g +& +
oT,0T, ~ 0T,aT,  oT?
On the other hand,
2 2 2 2
X _ 0% O 20 (15)

= € €
or¢  oT¢ oTé oTé

R %X,
0Ty 0T,  OTyoTy 0T,0T;

, 0%X,
0T,0T,

+...,(16)

and so on, and from here we deduce that (14) may be put
in the form

dtz2 a1
0%x 02 02 (1)
2¢ 0 e 9% L2 0K ),
0T,0T, 0T,0T, 0T,0T,
Moreover
p
. OX oX  , OX
XP = ﬁ+867+8 ﬁ-’- =
T o
oX OX OX
— | +é&p| — — +
0T, 0Ty oty
and since
X% O szax—z+..., (19)
T, 0T, T, Ty
p-1 p-1
X %o L gp-Pa o)
T, T, oty
P P
X[ Do P, @1)
T, T, oty

by equating the coefficients of different powers of € in
(9), we get

%X,
oT?

+ 3%, =0, (22)

for €9, respectively

2 2
0% + 03X, = -2 00 _
oT¢ OT,oT,
8 ox \ @)
X X

20, —2 —¢ | — | + fcos(mt),

6 20 o[ 2] el

for gl.

Writing now

equation (23) takes the form
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2 2
oT¢ 0Ty,
o I (25)
X
20, —2 — | — | +foos(m,Ty + aT;).
G oT, ‘;p{aTOJ ( olo 1)
The solution of (22) has the expression
Xo = AT, e + A(T, e, (26)

where the over-bar signifies the complex conjugate.
It results

2"70 = imA(T, ei@0To — i A(T, pi0To | (27)
0

azxo _ | Meimo-ro _ i(DO Me_im(ﬂ—o (28)

—— =l
aT,oT, o oT, T,

For the simplification of the calculation, we will limit
ourselves to the case p = 3, for which

(ﬁf = [imoA(T, 0o — ioA(T, oo™ [ =

aT,
—i03A%30T0 4 3i@3AZAei@0To — (29)

Bim§A2Ae~ 0o 4+ jFASe3waTo

foos(my T, + oT,) =

Ef[ei((l)oT0+(lTl) + e—i((DoT0+(lT1)] (30)
and (25) becomes
0%,
+ ®§X, =

oz !

~| 2ie, %eiono - 2o, %e—iono -
ot oty
2, (jwAe@oT — i Ae-10To ) — 31)

G| io3Ase¥onTo 1 SiniAZAeiwTo -
— Zim3AAZe 0T 4 i3 Ale 30T +]+

lf[el(mo-rg +(1Tl) + e*i(O)oTo +(1T1):|,

i.e.

2
07Xy

2
oT¢

—| 2y A, GA |+ 3io3A2A [glvoTo 4 (32)
T,

gpimgA:BeSimoTo 4 %fei(moTo +oTy) cc,

where cc marks the complex conjugate of the previous
terms.
But

ei(mOTo +(1T1) — eimOTO eia T (33)

and therefore the secular terms will disappear in the
solution of (32) if

. OA 1,.
2iwg| — + A |+ =feleh =0, 34
mo(a.rl & J 2 (34

Let us consider

A= %ae”‘, (35)

where a and B are real and functions of T, .
We obtain

%zlﬁeili_,_lai@eiﬁj (36)
o, 20T, 2 oT
2 _ 1 5
A? = —a%%B (37)
4
A= 1ae*"‘, (38)
2
ox _ L oai
AcA = ga el (39)
and (34) becomes
2|m0(%aa?ae“‘ + ;al —Be‘ﬁj +
1 1 (40)
3i

= ola’e® + lfe“‘"“1 =0,
8 2

that is,
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1 oa o IV. STEADY-STATE MOTION
2oy 2 a_Tl (COSB * ISInB) * This type of motion is characterized by [3], [4], [5]
1. 0P .
Zai —(cosp + |smB)} + da . B
2 T —=0,—=0. (49)
on (41) T, oT,
3 o3a3(cosp + isinp) +
8 Relations (45) and (47) lead to
%f(com T, +isinaT,) =0 3 .
2 w§a® + —fsin(aT, —p) =0 (50)
8 20,
and separating the real and the imaginary parts, it results
5 5 and
-0 —asinB —an, —Bcosﬁ -
oty on 1
. . (42) ——fcos(aT, — ) =0, (51)
= ogadsinp + =fcosa T, = 0, 209
8 2
respectively.
o, ﬁcosﬁ - ‘Doa%SinB + Squaring the last two relations and summing the
1 1 (43) results, we obtain
3 ojaicosp + L tsina T, =0. 1 9
8 2 L2 = 2 ogas, (52)
4o 64
Multiplying now (42) by —sinf, (43) by cosp and
summing, we obtain wherefrom
ca 3 5.5 1_. 16f2
-0y, — +—-—wia® +="fsinla; -p)=0, 44 6 - — .
05T, T8 > (@T; —B) (44) a o (53)
ie. hence
da 3 , 4 1 .. 3
— = ~ja® + —fsin(oT, - B). 45 af
6T1 ) 0 2(!)0 ( 1 B) ( ) a= o, . (54)
Analogically, multiplying (42) by cosp, (43) by sinp From the second relation in (48) results
and summing, we get
cos(aT, —B) =0, (55)
p 1
— 0ga— + =feos(aT, —B) =0, (46)
a2 so that
heref
e o, ~p =2 B=of -2 (56)
2 2
a B _ ifcos(ozTl -p). (47) , _
0T, 20, and the approximate solution takes the form
Relations (45) and (47) form a system of two nonlinear x = acos(ot — ), (57)
ordinary differential equations. Solving this system, we
obtain a = a(T1)= = B(Tl) and the approximate in which
solution
n
=al, -p=— 58
x(t) = a(T, Jos(eeT, + B(T,)) + Ofe). (48) v=oh-p=7 (58)

and therefore
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X = asinmt. (59)

V.NUMERICAL SIMULATION

For the numerical simulation, we will consider the
following realistic values: m =1kg, k =100N/m,

Fo =30N, ®=6rad/s, c¢; =0.1Ns/m, p=3,
c, = 0.01Ns3/m? .

The equation (4) is integrated numerically, using the
Runge—Kutta fourth order method [2]. Firstly, (4) is
written in the form

& =6, & :_%él _%52 _%ég +%003(9t: (60)
where
& =X, & =X, (61)
The integration step was chosen as At = 0.001s. We
made 10000 steps of integration, the first 2000 steps

being ignored.
The initial conditions are

x(0) = 0.1m, %(0) = Omys, (62)

The resulted values are plotted in the diagrams capture
in Fig. 2. for X, and in Fig. 3. for X, respectively.
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Fig. 2. Time history for the variable X = X(t), obtained by
numerical simulation and using (4).

The diagrams show a quasi-periodical motion, the
quasi-period having values around 1lrad/s. The

amplitude of the motion has values between 0.25m and
0.7 m. The velocity of the mass is limited to 5m/s..

The diagrams plotted in Fig. 4 and Fig. 5 suggested
that the point characterized by X = 0 is a simply stable
one.

Indeed, using the theory developed in [3], [4], the
characteristic equation takes the form

285K g (63)
m m

Ao

dot x (m/s)
o
>

t (m/s)
Fig. 3. Time history for the variable X = X(t) , obtained by
numerical simulation and using (4).

and it has no positive real roots, according to the
Descartes theorem [2].

The condition of simple stable motion [3], [4], [5], is
equivalent to the condition that (63) have two distinct
roots, with negative real parts, i.e.

“1 42 <o0. (64)

This condition is obviously satisfied in our case.
In Fig. 4. we plotted the results obtained by numerical
simulation for (48), with the parameters a and f given

by (45) and (47). The reader can easily observe the good
agreement between the diagrams plotted in Fig. 2. and
Fig. 4., respectively.
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Fig. 4. Time history for the variable X = X(t) , obtained by
numerical simulation and using (48).

The error of the method used in the paper and the real
value for the variable X = X(t) was calculated as the

difference between the value of X = X(t) given by (4)
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and the value X = X(t) given by (48). The results thus
obtained were plotted in Fig. 5., where the maximum
error is about 0.01m. Keeping into account the values

plotted in Fig. 2., we may conclude that the error is less
than 5%.
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Fig. 5. The difference between the values calculated for
x = x(t) using (4) and (48).

Finally, in Fig. 6. we plotted the steady-state motion,
using (59), with a given by (4). In this case, the steady-

state motion is a harmonic motion of period

T=2% 10475, (65)
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Fig. 6. The steady-state motion.

VI. CONCLUSIONS
In this paper we treated the forced vibrations with p th

order damper for a single degree of freedom system. We
consider that the elastic force is linear in displacement,
and the damping force contains two terms one linear in
velocity and the second as a power of pth order in the

same velocity. The differential equation of motion was
studied using multiple scale method and was also
discussed the steady-state motion, this motion being a
harmonic one with the pulsation equal to that of the

exciting force.

The values obtained by the analytical method
developed in the paper were compared with those
obtained by numerical simulation, using directly the
equation of motion. The agreement between the two sets
of values is a very good one, the error being less than 5%.
This indicates the accuracy of the analytical method used
in the paper. If one wishes to increase the precision of the
analytical method, one may use more terms in the
development of X; hence the parameters a and B are

determined more précis, and the accuracy will increase.

The method can be used if and only if it is applied near
a saddle point [1], [3], [4], [5]. The validation of the
method is performed in the numerical case where the
condition of saddle point was determined as (64) and
verified for the numerical values considered in the
application. Moreover, the condition (64) is also the
condition for the stability of motion [3], [4], [5] and we
conclude that in the numerical case not only the point
X = 0 is simply stable, but also the motions around it are
simply stable. Let us observe that if the spring disappears,
that is K = 0, we obtain from (63) a solution A = 0, and
a negative one, the stability remaining unchanged.

If the parameter C; becomes positive, than (64) leads

to positive or complex with positive real part, the system
becoming an unstable one. The parameter C, does not

influence the stability. Its influence is reduced to the
amplitude and period of the motion.

The method presented here can be used for any
systems that can be brought to the form (4).

A more laborious calculation may be performed for
any p positive, integer and greater than unity, the results

being similar, with the same conclusions regarding the
stability and shape of the diagrams.
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